Lesson 1.16 - Complex Number Operations

Learning Objectives: SWBAT

Describe the difference between an imaginary and a complex number

Add, Subtract and multiply complex nhumbers (including complex conjugates)
« Use complex conjugates to find the quotient of (divide) two complex numbers
» Perform multiple operations on complex numbers

Some quadratic equations have no real solutions. For instance, the quadratic
equation x2 + 1 = 0 has no real solution because there is no real number x that
can be squared to produce —1. To overcome this deficiency, mathematicians
created an expanded system of numbers using the imaginary unit i, defined as

i= V-1 Imaginary unit

where i2 = — 1. By adding real numbers to real multiples of this imaginary unit,
you obtain the set of complex numbers. Each complex number can be written
in the standard form a + bi. For instance, the standard form of the complex
number /=9 — 5is —5 + 3i because

V=9-5=J3(-1)-5=3/-1-5=3i—-5= -5+ 3.

In the standard form a + bi, the real number a is called the real part of the
complex number a + bi, and the number bi (where b is a real number) is called
the imaginary part of the complex number.

[ Definition of a Complex Number h
If a and b are real numbers, the number a + bi is a complex number, and it
is said to be written in standard form. If b = 0, the number a + bi = a is

a real number. If b # 0, the number a + bi is called an imaginary number.

A number of the form bi, where b # 0, is called a pure imaginary number.
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The set of real numbers is a subset of the set of complex numbers, as shown
in Figure 2.38. This is true because every real number a can be written as a
complex number using b = 0. That is, for every real number a, you can write

a=a+ 0i.
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Figure 2.38



Lesson 1.16 - Complex Number Operations
Examples: Adding/Subtracting Complex Numbers
a B3-)+Q+3)=3-i+2+3i
=3+2-i+3i
=3+2)+(-1+3)i
=5+2
b V=3 + (-4 - /=4) =2i+ (-4 - 2i)
=2i-4-2i
=-4+2-2
= -4
€3—-(=2+3)+(-5+i)=3+2-3i-5+
=3+2-5-3i+i
=0-2
= =2
d B+20+@-)-(T+D)=3+2i+4—-i-7—i
=34+4-7+2i—i—i

=0+ 0i
=0
Practice Add/Subtract each expression, please leave answer in standard form
15. 4 +i) - (7~ 2) 16. (11 = 2i) = (=3 + 6i)
-3+3¢ (4-8C
17. (-1 + J=8) + (8 - V/=50) 18. (7+ V/=18) + (3 + V=32)
. 0 Ny
7 — 3“ '/'z’:' t+ 70 ra
19, 13i - (14 = 7i) 20. 22 + (-5 + 8) — 10
~1y -!20‘: (7_;2{
21 (3 +3) + (3 + %) 2. (+ %) -(G-4)
14+370 i&ﬁﬂl&f}:
-l g
6 = F



Multiplving C T
Many of the properties of real numbers are valid for complex numbers as
well. Here are some examples.

Associative Properties of Addition and Multiplication
Commutative Properties of Addition and Multiplication
Distributive Property of Multiplication over Addition

Notice how these properties are used when two complex numbers are multiplied.
(a + bi)(c + di) = alc + di) + bi(c + di)
= ac + (ad)i + (bc)i + (bd)i?
= ac + (ad)i + (be)i + (bd)(—1)
= ac — bd + (ad)i + (bc)i
= (ac — bd) + (ad + bo)i

The procedure above is similar to multiplying two polynomials and combining
like terms, as in the FOIL Method.

Examples
a. V-4 /—16 = (2i)(4)
= 8i2
= 8(-1)
=-8

8 + 6i — 4i — 3i?
=8 + 6i — 4i — 3(—1)
=8+3+6i—4i
=11+ 2i

c. (3+ 23 —2)=9-6i + 6 — 4>
=9 — 4(—1)
=9+4
=13

d. 4i(—1 + 5i) = 4i(—1) + 4i(5)

—4i + 20i2

-4i + 20(—1)

=20 - 4i

e. 3+ 2)*=9 + 6i + 6i + 4i°

=9+ 12i + 4(—1)
=9—-4+ 12i
=5+ 12

b. (2 — i)(4 + 3i)

i



Lesson 1.16 - Complex Number Operations

Practice: Multiply and leave your answer in standard form

5. /6 /-2 2%. /=5 /=10 27. (V=16)
-A/3 -5z —10
28. (V=75) 29. (1 + )3 - 2i) 30. (6 - 2)(2 ~ 3i)
-7 S+c b-22"
31. 4i(8 + 5i) 32, -3i(6 - i) 33. (V14 + V10i)(V14 - V10i)

-20 +32¢ -3-18¢ (MMM(M%@W

3. (3+ /=5)(7- /-10) 35, (4 + 502 — (4 - 5i2 36. (1 - 2i)* = (1 + 2ip
(a +SVT) (%vs-3¢ J;;) Qoc ~gC

Practice: Write the complex conjugate of the expression and then multiply them

W a+3% (¥3)  38.7-5 (1) 30, -6 - SBi (IF) a0, -3+ Vai
a< RE| Y L/

41. /=20 (‘Eo») 4. J/-13 (—JT;.') 43.3- /-2 (3+Cf?) @1+ /8 (-

0’20 13 L( qQ



Lesson 1.16 - Complex Number Operations

Dividing Complex Numi . .

To write the quotient of a + bi and ¢ + di in standard form, where ¢ and d
are not both zero, multiply the numerator and denominator by the complex

conjugate of the denominator to obtain
a+bi_a+bi{c—d:')
c+di c+di\c—d

_ac+bd (bc—ad)i
c? + 42 02+d2 *

Example

.
Write the quotient i . g: in standard form.

Solution
2+3i ?-t..?i(f‘ Sk 2‘)
4 —-2i 4-—2i\4+ 2
=8+4i+125+6i2
16 — 4i?
8~ 6+ 16i
16 + 4

Multiply numerator and denominator
by complex conjugate of denominator.

Standard form

Multiply numerator and denominator
by complex conjugate of denominator.

Expand.

]
|
—

Simplify.

Write in standard form.
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Practice: Use conjugates to divide the complex numbers

i . 3 ral (~5-12)
51. - c e — __: ._'
@=5iF  e-25 ~40; T A N N G,
al | it il oy -.1°o-ag:
—§~dov  ~G44ey 25+ L (64
~¢ +uo! 891498 loeo
Practice: Perform the operation(s). Make sure there are no complex numbers in the
denominator
2 3 s 5 2@)ss@n)
P __. 54. — = + ) - _____:,_.——-
L+i 1-i o il 2+i72-i T g5y @d)
2(1~¢) ~3(1#) | v " a4 =W oy
_— | +1 =
OICD! el
- ) -] -s‘c
[
55, 42

3-2i 3+8i

56.
¢ (3480 4 20(3-20) %‘% : w_'
— 2 2 *y §:

o2 +&41¢C

§44
Practice: Simplify the complex number and write your answer in standard form
§7. -6 + i 58, 4i? — 217 59. (v/=75)
~e ()< =! Y¢) 201 ~3I50vT

61. l,l,
I~8 .8_."-
¢



